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Abstract
We presenta methodfor hierarchical data approximationusingquadratic simplicial elementsfor domainde-
compositionand �eld approximation.Higher-order simplicial elementscanapproximatedata betterthan linear
elements.Thus,fewerquadratic elementsare requiredto achievesimilar approximationquality. Weusequadratic
basisfunctionsandcomputebestquadratic simplicial splineapproximationsthat areC0-continuouseverywhere.
We adaptivelyre�ne a simplicial approximationby identifyingandbisectingsimplicial elementswith largester-
rors. It is possibleto store multipleapproximationlevelsof increasingquality. We havetestedthesuitability and
ef�ciency of our hierarchical dataapproximationschemeby applyingit to several datasets.

Categoriesand SubjectDescriptors(accordingto ACM CCS): I.4.10 [Image Processingand ComputerVision]:
Hierarchical;I.4.2 [ImageProcessingandComputerVision]: ApproximateMethods

1. Intr oduction

The trendin scienceandengineeringapplicationshasbeen
to producelarger data setssince computersand imaging
technologyare getting fasterandstoragespaceis increas-
ing. Largeamountsof dataaredif�cult to visualizeandit is
impossibleto directly visualizeon inexpensive computers.
Many visualizationtechniquesexist that visualize certain
typesof largedata,however, a generalsolutiondoesnot ex-
ist. A hierarchicalmethodprovidesthefoundationfor a so-
lution. Linearandquadraticdecompositionelementscanbe
usedto form anapproximationhierarchyrepresentinglarge
data;a usercanthenvisualizethis hierarchyon aninexpen-
sive machine.

Weonly considerquadraticsimplicialelements.In the2D
case,we use quadratictriangleswhoseedgesare straight
line segments;in the 3D case,we usequadratictetrahedral
elementswhoseedgesarestraightline segmentsand faces
areplanartriangles.We usea linear transformationto map

theso-calledstandard simplex to thecorrespondingsimpli-
cial region in 2D/3Dspace.Furthermore,weuseaquadratic
polynomialde�ned over eachsimplicial elementto locally
approximatethedependentvariable(s).

Our overall goal is the constructionof a hierarchical
dataapproximationover 2D or 3D domainsusing a best-
approximationapproachbasedonquadraticpolynomialsde-
�ned over thesimplicesde�ning thedomain.Our approach
belongsto the classof re�nementmethods.Thesemethods
arebasedon the principle of re�ning intermediatedataap-
proximationsby insertingadditionalpointsor elementsuntil
a certaintermination(error) criterion is satis�ed. We have
developedourmethodwith afocusonmassivescienti�c data
visualization,see13. To enableinteractive frame ratesfor
massive datavisualization,it is possibleto eitheruselow-
resolutionbestapproximationseverywhereor to adaptively
“insert” high-resolutionapproximationslocally into anoth-
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erwiserelatively coarseapproximation.Theoverall approx-
imationalgorithmis basedon thesesteps:

� Initial simplicial domain decomposition.We construct
a coarsesimplicial decompositionof the domain. (The
lineartransformations,mappingthestandardsimplex de-
�ned in parameterspaceto simplicesin physicalspace,
arede�ned by specifyingcorrespondingpointpairsin the
two spacessuchthat oneobtainsa one-to-one,bijective
mapping.)

� Bestapproximation. In the2D case,eachsimplicial ele-
menthassix associatedknots, oneknotpercornerandone
knot per edge.Six knots in parameterspaceare associ-
atedwith six pointsin physicalspace,andthisde�nesthe
neededmappingfor a simplex. (Accordingly, thenumber
of knotsis tenin the3D case.)For simplicity, weconsider
only knotsthatareuniformly distributedalongtheedges
of the standardsimplex. We associatea quadraticpoly-
nomial with eachsimplicial elementthat approximates
the dependentvariable(s)over the correspondingregion
in space.Werepresenteachquadraticbasispolynomialin
Bernstein-Bézierform, see6. Assumingthat the function
to be approximated,typically a scalar- or vector-valued
function, is known in analytical form, it is possibleto
computethe uniquebestquadraticsplineapproximation
de�ned asa linearcombinationof a setof quadraticbasis
functions.The bestapproximation,understoodin a least
squaressense,is the result of solving the normal equa-
tions, see5.

� Adaptive bisection.We computea local error valuefor
eachsimplicialelementonceabestapproximationiscom-
puted.We usethe L2 norm to computesimplex-speci�c
errorvalues.Thesetof simplicesis orderedaccordingto
thesesimplex-speci�c, local error values.To computea
“next-level” bestquadraticapproximation,we determine
a certainpercentageof simpliceswith largesterror val-
ues and bisect them by splitting them at the midpoint
of their longestedge.If a simplex's longestedgeis not
unique,wechoosetheedgerandomly. Splittingasimplex
into two simplicesinducesadditionalsplits for all those
simplicesthat sharethe split edge.We updatea simpli-
cial domaindecompositionby consideringall edgebisec-
tionsandcomputinganew bestapproximation.Werepeat
the processof identifying simpliceswith largesterrors,
bisectingthesesimplices,andcomputinga new bestap-
proximationuntil we obtainan approximationfor which
a globalapproximationerror is below a user-speci�eder-
ror threshold,or until auser-speci�edmaximalnumberof
simplicesis reached.

� Hierar chical data representation.To supportlevel-of-
detail visualizationwe can storemultiple bestapproxi-
mationsof different resolutions.For eachbestapproxi-
mation,we needto storethe polynomial coef�cients of
eachsimplicial element.We storea �x ednumberof best
approximationssuchthat eitherthe numberof simplices
increasesin a speci�ed fashionor the maximalsimplex-

Figure 1: Correspondencebetween2D basisfunctionsB2
i � j

andknots(indicatedby bulletsandcircles)in uv-parameter
space.

speci�c errordecreasesin a certainway from oneresolu-
tion to thenext.

We discussthesestepsin moredetail in the following sec-
tions.

2. PreviousWork

Relatedwork in the areasof hierarchicaldatarepresenta-
tion andvisualizationis discussedin 12� 17� 20� 27. Simpli�ca-
tion methods(methodsthatbegin with a high resolutionof
dataand thensimplify by removing data)aredescribedin
10� 14� 18� 29� 30. Waveletmethods,in general,work well for rec-
tilinear 2D and3D gridsandaredescribedin 2� 3� 24. Re�ne-
mentmethods(methodsthat begin with few dataandthen
re�ne by addingmoredata),similar to our method,arede-
scribedin 15� 16. Data-dependenttriangulationschemes,i.e.,
schemesconcernedwith the constructionof piecewise lin-
earapproximationsusingnear-optimally shapedandplaced
simplicialelements,aredescribedin 22. Fromamoregeneral
perspective, our work is alsorelatedto grid generation, and
referencesfor this areaare 8� 19� 28. Finite elementmethods
arediscussedin 31.

3. Mapping the Standard Simplex

In the 2D case,the standardsimplex in parameterspaceis
the trianglewith corners � 0 � 0� , � 1 � 0� , and � 0 � 1� . We asso-
ciatea 2D quadraticBernstein-BézierpolynomialB2

i � j � u � v�

(abbreviatedby B2
i � j ), de�ned as

B2
i � j � u � v�
	

2!
�

2 � i � j 
 ! i! j! � 1 � u � v�

2 � i � j ui v j
�

i � j � 0 � i � j � 2 �

(1)

with eachcornerandmidpoint of eachedge.The six basis
polynomialscorrespondto thesix knotsui � j 	�� ui � j � vi � j ��	

�

i
2 �

j
2 �

, i � j � 0, i � j � 2 in parameterspace,seeFigure1.

In the 3D case, the standardsimplex is the tetrahe-
dron with corners � 0 � 0 � 0� , � 1 � 0 � 0� , � 0 � 1 � 0� , and � 0 � 0 � 1� .
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We associatea 3D quadraticBernstein-Bézierpolynomial
B2

i � j � k � u � v� w� (abbreviatedby B2
i � j � k), de�ned as

B2
i � j � k � u � v� w�
	

2!
�

2 � i � j � k 
 ! i! j! k! � 1 � u � v � w�

2 � i � j � k ui v j wk
�

i � j � k � 0 � i � j � k � 2 �

(2)

with each corner and edge. The ten basis polynomials
correspondto the ten knots ui � j � k 	�� ui � j � k � vi � j � k � wi � j � k ��	

�

i
2 �

j
2 �

k
2 �

, i � j � k � 0, i � j � k � 2 in parameterspace.

4. Initial Decomposition

Themainobjective driving thedevelopmentof our method
is thehierarchicalrepresentationof verylargescienti�c data,
wherereal-timeandadaptive datavisualizationarecrucial.
Datasetsresultingfrom computationalsimulationsaretyp-
ically de�ned on a grid, andthedependentvariablesareas-
sociatedwith either the vertices,also called nodesin the
�nite elementliterature,or the elementsde�ning the grid.
Eitherof thesetypesof datacanbeapproximated.Triangu-
lating theconvex hull of theoriginal setof datasiteswith a
coarsetriangulationde�nes an initial decompositionof the
domain.The3D caserequiresus to constructa tetrahedral-
izationof theconvex hull. Wedecomposequadrilateralswith
two triangles(2D case)hexahedrawith � ve tetrahedra(3D
case).The elementswe usearegeometricallylinear. How-
ever, thereare quadraticpolynomialsde�ned “over” them
thatapproximatethedependent�eld variable(s).

5. BestApproximation

We assumethat the �eld to beapproximatedover a domain
is known analytically. Shouldthisnotbethecase,e.g.,in the
caseof scattereddata(whenoneis givena setof randomly
distributed points with associatedfunction valueswithout
connectivity information),it is possibleto constructan an-
alytical representationby performinga prior datainterpola-
tion or approximationstep,see7� 23. In thecasethatadataset
isde�nedonagrid, therequiredanalyticalde�nition isgiven
by a piecewise linear function for a simplicial (triangular
or tetrahedral)grid anda piecewise bilinear/trilinearfunc-
tion in the caseof quadrilateral/hexahedralgrid cells. We
denotethe analyticalfunction to be approximatedover the
domainby F � x � (abbreviatedby F). Basedonaninitial sim-
plicial domaindecomposition,we computethecorrespond-
ing bestpiecewisequadraticapproximationof F � x � by solv-
ing thenormalequations,see5. Thenormalequationsdeter-
mine the setof coef�cients for the desiredquadraticspline
representation—abest approximationin the least squares
sense.

Cornerverticesof simplicial elementsmaybe sharedby
any numberof simplices,andwe denotethebasisfunction
associatedwith acornervertex vi by fi � x � . An edgeof asim-
plicial elementmaybesharedby nomorethantwo simplices

Figure2: Typesof basisfunctions:basisfunctionassociated
with corner(left) andedge (right).

Figure3: Basisfunctionsassociatedwith theplateletof ver-
tex vi andtheedge neighbors of edge ej .

in the2D caseandby anarbitrarynumberof simplicesin the
3D case.Wedenoteabasisfunctionassociatedwith themid-
point of a simplex edgeej by g j � x � . We refer to the setof
simplicessharinga commoncornervertex astheplateletof
this corner, andwe call thesetof simplicessharinga com-
mon edgeedge neighbors. Thus,a setof plateletsimplices
de�nes the region in spaceover which a basisfunction as-
sociatedwith the correspondingcornervertex is non-zero.
Edgeneighbors,associatedwith aparticularedge,de�ne the
region in spaceover which a basisfunctionassociatedwith
this edgeis non-zero.Figure2 shows the two typesof ba-
sisfunctionsfor thebivariatecase.Figure3 shows thebasis
functionsassociatedwith theplateletof avertex andtheedge
neighborsof anedge.

We denotea bestapproximationas a � x � , and we write
it asa linear combinationof the basisfunctionsassociated
with all distinct simplex corners(“corner basisfunctions”
fi) andsimplex edges(“edgebasisfunctions”gi ). Assuming
thattherearem distinctcornersandn distinctedges,wecan
write a bestapproximationas

a � x ��	

m

å
i � 1

ci fi � x ���

n

å
j � 1

d j g j � x ��� (3)
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We mustsolve thenormalequationsto obtaintheunknown
coef�cients ci andd j . In matrix form, thenormalequations
are�

�

�

�

�

�

�

�

��

 

f1 � f1 !

�"�"�

 

f1 � fm
!

 

f1 � g1 !

�"�"�

 

f1 � gn
!

...
...

 

fm � f1 !

�"�"�

 

fm � fm
!

 

fm � g1 !

�"�"�

 

fm � gn
!
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(4)

where
 

G � H
!

denotesthe inner product of the functions
G � x � andH � x � , i.e.,

 

G � H
!

	 &

CommonDomainof G and H

G � x � H � x � dx � (5)

In ourconstruction,wemustcomputeinnerproductsover
thesimplices.Sinceall simplicialelementsin physicalspace
arede�ned by linearmappingsof thestandardsimplex, we
can simplify integration by making useof the change-of-
variablestheorem, see21, which relatesintegrationin phys-
ical spaceto integrationin parameterspace.In the2D case,
integralsarecomputedaccordingto theformula

'

Physical Simplex
G � x � y� dx dy 	

'

Standard Simplex
G

�

x � u � v�(� y � u � v�

�

J � u � v� du dv�

(6)

whereJ � u � v� denotestheJacobianassociatedwith themap-
pingof thestandardsimplex to thecorrespondingsimplex in
physicalspace.TheJacobianis thedeterminant

J � u � v�
	*)

)

)

)

)

)

)

¶
¶ux � u � v�

¶
¶vx � u � v�

¶
¶uy � u � v�

¶
¶vy � u � v�

)

)

)

)

)

)

)

� (7)

Thus, to effectively computeintegrals of functionsover
triangleswe only needto considerthelineartransformation

+

x � u � v�

y � u � v�-,

	

+

x1 � 0 � x0 � 0 x0 � 1 � x0 � 0
y1 � 0 � y0 � 0 y0 � 1 � y0 � 0 ,

+

u
v ,

�

+

x0
y0 ,

�

(8)

This transformationmapsthestandard triangle with ver-
ticesu0 	/. 0 � 00

T , u1 	1. 1 � 00

T , andu2 	1. 0 � 10

T in the uv-
planeto the arbitrary simplex S with cornerverticesv0 	

. x0 � 0 � y0 � 0 0

T , v1 	2. x1 � 0 � y1 � 0 0

T , andv2 	2. x0 � 1 � y0 � 1 0

T in thexy-
plane.(Both trianglesmustbe orientedcounterclockwise).
For this linear mapping,the change-of-variablestheorem
yields

&

S
G � x � y� dxdy 	 J &

1

v� 0
&

1 � v

u� 0
G � x � u � v�(� y � u � v�3� dudv�

(9)
wheretheJacobianJ is givenby

J 	 det

+

x1 � 0 � x0 � 0 x0 � 1 � x0 � 0
y1 � 0 � y0 � 0 y0 � 1 � y0 � 0 ,

� (10)

The3D caseis a straightforward extension;here,the Jaco-
bianis givenby

J 	

det 45

x1 � 0 � 0 � x0 � 0 � 0 x0 � 1 � 0 � x0 � 0 � 0 x0 � 0 � 1 � x0 � 0 � 0
y1 � 0 � 0 � y0 � 0 � 0 y0 � 1 � 0 � y0 � 0 � 0 y0 � 0 � 1 � y0 � 0 � 0
z1 � 0 � 0 � z0 � 0 � 0 z0 � 1 � 0 � z0 � 0 � 0 z0 � 0 � 1 � z0 � 0 � 0

67

�

(11)

Thematricesinvolved in thebest-approximationstepare
sparsebecauseall basisfunctionshave local support.Sev-
eralmethodsexist for bandwidthreduction,ef�cient factor-
ization,andinversionof suchsparsematrices,see4 � 9� 11� 25� 26.
We useanef�cient sparsematrix representationandsystem
solver to computethecoef�cients in lineartime.

The computation of the inner products appearingin
thenormalequationsrequiresmulti-dimensionalintegration
oversimplicialelements.While thechange-of-variablesthe-
orem reducesthis integration to integration over the stan-
dardsimplex, we still needto performrelatively expensive
numericalintegrationfor the calculationof the inner prod-
ucts appearingon the right-handside of the normal equa-
tions,i.e., theintegralsof thetypes

 

F � fi !

and
 

F � g j !

. Since
F � x � can, in general,be any analyticallyde�ned function,
numericalintegrationcanpotentiallybecomeexpensive.We
useRomberg integration for thecomputationof theseright-
hand-sideinnerproducts,see1 � 16.

Oncewehavecomputedabestapproximationfor apartic-
ular simplicial domaindecomposition,we analyzethe local
approximationquality to identify simplicesthat shouldbe
re�ned (bisected)to further improve approximationquality.
In thefollowing section,we discusstheprincipleweusefor
adaptive bisection.

6. Adaptive Bisection

For eachsimplicialelementSi in aparticulardomaindecom-
position,we computea localapproximationerrorei . Wede-
�ne this erroras

ei 	

�

&

Si

�

F � x �8� a � x �

�

2

dx
�

1
2

� (12)
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Figure 4: Bisectionof simplicesin bivariate and trivariate
cases.Darker simplex is theoneselectedfor bisection.

Selectingandbisectingsimplicesof maximalerror are the
stepsusedto re�ne themesh.In general,wechooseacertain
percentageof thesimplicesto bere�ned.

We re�ne a simplicial elementby bisectingat the mid-
pointof its longestedge.All simplicessharingthesplit edge
arebisectedto avoid “hangingnodes”and,therefore,to pre-
serveaconformingmesh. Thebisectionstepis shown in Fig-
ure4. Bisectionstepsleadto new simplicialdomaindecom-
positions,andwe mustcomputenew bestquadraticspline
approximationsfor eachone.

We continueto bisecta certainpercentageof simplices
in the intermediateapproximationsuntil either the num-
ber of simplices in a decompositionexceedssomeuser-
speci�ed maximalnumberor until anapproximationis ob-
tainedwhoseglobalerror is lessthana user-speci�ed toler-
ance.(We de�ned the global error of an approximationas
thesumof all localsimplex errors).

The�nal resultof ourmethodis asetof independentbest
quadraticsplineapproximationsthatcanbeusedfor thepur-
posesof interactiveand/oradaptive level-of-detailvisualiza-
tion.

7. Results

We have testedour methodfor several testdata.In general,
wecompareapiecewisequadraticapproximationto apiece-
wiselinearapproximation.Wevisualizequadraticsimplices
by tessellatingthemusingmany linearelements.

Figure 5 shows a quadraticand linear spline approxi-
mation for comparison.The quadraticapproximationcan,
in theory, approximatethis function exactly. (Numerical
�oating-point error is introducedin practice.For theshown
example,this numerical�oating-point error is on the order
of 10� 14). The linear approximationmustusea relatively
largenumberof elementsto representthisquadraticfunction
with smallerror. Theglobalerror for thequadraticsplineis
3 � 6x10� 14 andtheglobalerrorfor thelinearapproximation
error is 1 � 6x10� 6. The linearapproximationwascomputed
usingthemethoddescribedin 16.

A comparisonof a quadraticanda linear splineapprox-

Figure 5: Comparisonbetweenquadratic spline approxi-
mation (left) and linear spline approximation(right). Un-
der each approximation, we show the correspondingdo-
main decomposition.The quadratic approximation uses9
knotsand 2 simplices.The linear approximationuses111
knotsand 187 simplices.The functionbeingapproximated

is F � x � y�9	 x2
� y2

� x � y :<;=�

1
2 �

1
2 >

.

imation is shown in Figure 6. The original imageconsists
of 1536x1024pixels.Thequadraticsplineapproximation—
consistingof 2989quadraticsimplices—required158 sec-
ondsof computationtime while thelinearapproximation—
consistingof 11482linearsimplices—required536seconds.

A samplehierarchyof 2D quadraticspline approxima-
tions is shown in Figure 7. The original imageconsistsof
121x121pixels.Globalerrorsfor thesix approximationsare
329.11,106.22,45.53,12.85,3.08,and0.40.Computations
timesrangedfrom two to 200 secondsfor the six approxi-
mations.

A samplehierarchyof 2D quadraticspline approxima-
tions is shown in Figure 8. The original imageconsistsof
211x144 pixels. Global errorsfor the four approximations
are37.05,9.70,1.86,and0.45.Computationstimesranged
from six to 200secondsfor thesix approximations.

A comparisonof a quadraticanda linear splineapprox-
imation of a 3D skull dataset is shown in Figure 9. The
original dataset consistsof 278528datasites.We visual-
ize the quadraticsplineapproximationby tessellatingeach
quadraticsimplex with 512linearelementsandthenextract-
ing an isosurfacefrom the linear elements.The sameiso-
surface for the linear spline approximationwas extracted
directly from the linear simplices.The quadraticsplineap-
proximationhasa globalerrorof 2 � 15x10� 6, andthelinear
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Figure 6: Comparisonbetweenquadratic approximation
(left) and linear approximation (right). Original image is
shownat the top. The quadratic approximationuses6076
knotsand 2989 simplices.The linear approximation uses
5816knotsand11482simplices.

Figure7: Hierarchical approximationsof digital imagedata
set.Original image is shownat thetop. Sixapproximations
are shown,8, 20, 38, 90, 225, and 633 simplices,respec-
tively.

Figure8: Hierarchical approximationsof digital imagedata
set.Original imageis shownat thetop.Four approximations
are shown,16,48,191,and790simplices,respectively.

Figure 9: Comparisonbetweenquadratic approximation
(left) and linear approximation(right). The quadratic ap-
proximationuses7487knotsand5348simplices.Thelinear
approximationuses14667knotsand78530simplices.

splineapproximationhasa global error of 1 � 65x10� 2. The
quadraticsplineapproximationrequiredabout20 hoursof
computationtime while the linear approximationrequired
lessthanthree.

A samplehierarchyof 3D quadraticspline approxima-
tions for a 3D skull dataset is shown in Figure10. Global
errorsfor the six approximationsare1 � 0x10� 3, 4 � 7x10� 4,
3 � 9x10� 5, and2 � 1x10� 6.

All of the approximationswere computedon a 1.8GHz
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Figure 10: Hierarchical approximationsof skull data set.
Four approximationsareshown,62,125,741,and5348sim-
plices,respectively.

Pentium IV graphics workstation with 512MB of main
memory.

Linear 2D and3D approximationswere renderedat in-
teractive framerates.Quadratic2D approximationsrequired
just a few secondsto renderper frame.Tessellationof 3D
quadraticapproximationsrequiredseveral secondsfor the
highestresolutions.Oncetessellated,computingandrender-
ing a contourwasat interactive framerates.

8. Conclusions

Quadraticsimplicial elementscan be usedto more com-
pactly approximatedatathanlinear simplicial elements.In
general,theuseof higher-ordersimplicesshouldbeconsid-
eredasthey canproducebetter-quality approximations,us-
ing a smallernumberof simplices.

Additional researchincorporatinggeometricallycurved
simplicescanfurtherimprove thequalityof approximations
by allowing thesimplicesto decomposemorecomplicated-
shapeddomains. A decompositionof a domain having
curvedboundarieswould requirefewer curved simplicesto
representthedomainwell.

The generatedmeshesareC0 continuous,it is alsopos-
sible to produceC1 approximations.We plan to investigate
this enhancementin thefuture.

Higher-ordersimplicesaregrowing in importancein visu-
alizationasresearchersarealsousingthemmorefrequently
for domaindecompositionin numericalsimulations.Thus,
visualizationof thesesimplicesis also important because

of their increasingpopularity. Direct higher-order visual-
ization techniquessuchas contouringand volume visual-
ization techniques,mustbe developedto take advantageof
higher-order elements.We are currently working on such
techniques.
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