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Abstract

We presenta methodfor hierarchical data appoximationusing quadatic simplicial elementsfor domainde-
compositionand eld approximation.Higher-order simplicial elementsan approximatedata betterthan linear
elementsThus fewerquadmtic elementsre requiredto achieve similar apptoximationquality. We usequadiatic
basisfunctionsand computebestquadmatic simplicial splineapproximationsthat are Co-continuouawerywhee.
We adaptivelyre ne a simplicial approximationby identifyingand bisectingsimplicial elementswith largester-
rors. It is possibleto store multiple approximationlevelsof increasingquality. We havetestedthe suitability and
efciency of our hierarchical dataappoximationschemeby applyingit to several datasets.

Catagyoriesand SubjectDescriptors(accordingto ACM CCS}) 1.4.10 [Image Processingand ComputerVision]:
Hierarchical;l.4.2 [ImageProcessingndComputeiVision]: ApproximateMethods

1. Intr oduction

Thetrendin scienceandengineeringapplicationshasbeen
to producelarger data setssince computersand imaging
technologyare getting fasterand storagespaceis increas-
ing. Large amountsof dataaredif cult to visualizeandit is

impossibleto directly visualizeon inexpensve computers.
Mary visualizationtechniquesexist that visualize certain
typesof largedata,however, agenerakolutiondoesnot ex-

ist. A hierarchicaimethodprovidesthe foundationfor a so-
lution. Linearandquadraticdecompositiorelementsanbe
usedto form anapproximatiorhierarchyrepresentindarge
data;a usercanthenvisualizethis hierarchyon aninexpen-
sive machine.

We only considemquadraticsimplicial elementsin the2D
case,we use quadratictriangleswhoseedgesare straight
line sggments;in the 3D casewe usequadratictetrahedral
elementswhoseedgesare straightline segmentsandfaces
areplanartriangles.We usea linear transformatiorto map
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the so-calledstandad simplex to the correspondingimpli-

cial regionin 2D/3D spaceFurthermorewe usea quadratic
polynomialde ned over eachsimplicial elementto locally

approximatehe dependentariable(s).

Our overall goal is the constructionof a hierarchical
dataapproximationover 2D or 3D domainsusing a best-
approximatiorapproachbasedn quadratiqpolynomialsde-
ned over the simplicesde ning thedomain.Our approach
belongsto the classof re nementmethods Thesemethods
arebasedon the principle of re ning intermediatedataap-
proximationsby insertingadditionalpointsor elementsuntil
a certaintermination(error) criterion is satis ed. We have
developedourmethodwith afocuson massie scienti ¢ data
visualization,see!3. To enableinteractve frame ratesfor
massie datavisualization,it is possibleto eitheruselow-
resolutionbestapproximationsverywhereor to adaptiely
“insert” high-resolutionapproximationdocally into an oth-
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erwiserelatively coarseapproximationThe overall approx-
imationalgorithmis basecon thesesteps:

Initial simplicial domain decomposition.We construct
a coarsesimplicial decompositionof the domain. (The
lineartransformationsmappingthe standardsimplex de-
ned in parameterspaceto simplicesin physicalspace
arede ned by specifyingcorrespondingoint pairsin the
two spacessuchthat one obtainsa one-to-onebijective
mapping.)

Bestapproximation. In the 2D case gachsimplicial ele-
menthassix associatetnots oneknotpercornerandone
knot per edge.Six knotsin parameterspaceare associ-
atedwith six pointsin physicalspaceandthisde nesthe
needednappingfor a simplex. (Accordingly the number
of knotsis tenin the3D case.)-or simplicity, we consider
only knotsthatareuniformly distributedalongthe edges
of the standardsimplex. We associatea quadraticpoly-
nomial with eachsimplicial elementthat approximates
the dependentariable(s)over the correspondingegion
in spaceWe represeneachquadratidbasispolynomialin
Bernstein-Bézieform, seef. Assumingthatthe function
to be approximatedtypically a scalar or vectorvalued
function, is known in analytical form, it is possibleto
computethe uniquebestquadraticspline approximation
de ned asalinearcombinationof a setof quadratichasis
functions.The bestapproximationunderstoodn a least
squaressensejs the result of solving the normal equa-
tions see®.

Adaptive bisection. We computea local error value for
eachsimplicialelemenbnceabestapproximatioris com-
puted.We usethe L, norm to computesimplex-speci ¢
errorvalues.The setof simplicesis orderedaccordingto
thesesimplex-speci c, local error values.To computea
“next-level” bestquadraticapproximationwe determine
a certainpercentagef simpliceswith largesterror val-
ues and bisectthem by splitting them at the midpoint
of their longestedge.If a simplex's longestedgeis not
unique,we chooseheedgerandomly Splitting a simplex
into two simplicesinducesadditionalsplits for all those
simplicesthat sharethe split edge.We updatea simpli-
cial domaindecompositiorby consideringall edgebisec-
tionsandcomputinga new bestapproximationWe repeat
the processof identifying simpliceswith largesterrors,
bisectingthesesimplices,and computinga nen bestap-
proximationuntil we obtainan approximationfor which
aglobalapproximatiorerroris belowv a userspeci eder
ror thresholdpr until auserspeci ed maximalnumberof
simplicesis reached.

Hierar chical data representation.To supportlevel-of-
detail visualizationwe can store multiple bestapproxi-
mationsof differentresolutions.For eachbestapproxi-
mation, we needto storethe polynomial coefcients of
eachsimplicial elementWe storea x ed numberof best
approximationsuchthat eitherthe numberof simplices
increasesn a speci ed fashionor the maximal simplex-

] v
2
B, 1
2 B?
By, L1 12 >\
i o INNN,
B, B B 0 12 1

1,0 2,0

Figure 1: Correspondenceetweer2D basisfunctionsBizj
andknots(indicatedby bulletsandcircles)in uv-pamameter
space

speci ¢ errordecreasem a certainway from oneresolu-
tion to the next.

We discussthesestepsin moredetailin the following sec-
tions.

2. Previous Work

Relatedwork in the areasof hierarchicaldatarepresenta-
tion andvisualizationis discussedn 12 17 20 27, Simpli ca-
tion methodgmethodsthat begin with a high resolutionof
dataandthensimplify by remaving data)are describedn
10 14 18 29 30 \Waveletmethodsin generalwork well for rec-
tilinear 2D and 3D gridsandaredescribedn 2 3 24, Re ne-
mentmethods(methodsthat begin with few dataandthen
re ne by addingmoredata),similar to our method,arede-
scribedin 15 16, Data-dependerttiangulationschemesi.e.,
schemegoncernedvith the constructionof pieceavise lin-
earapproximationsisingnearoptimally shapedandplaced
simplicialelementsaredescribedn 22. Fromamoregeneral
perspectie, ourwork is alsorelatedto grid genesation, and
referencedor this areaare 8 1° 28, Finite elementmethods
arediscussedn 31,

3. Mapping the Standard Simplex

In the 2D case the standardsimplex in parametespaceis
the trianglewith corners 0 0, 10, and 0 1. We asso-
ciatea 2D quadraticBernstein-Béziepolynomial Bizl- uv

(abbreiatedby BY}), de nedas

B uv
21 20y
2ij!”j!luv uv Q)
ij 0i j 2
with eachcornerand midpoint of eachedge.The six basis
polynomialscorrespondo the six knotsuj j Ui j Vi |
iz % ,ij 0,i | 2inparametespaceseeFigurel.
In the 3D case,the standardsimplex is the tetrahe-
dron with corners 000, 100, 010,and 001.
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We associatea 3D quadraticBernstein-Béziepolynomial
Bizj k UVw (abbreiatedby Bizj W), de ned as

BZj uvw
2ij2I!<!i!j!k!1 u v w2 kdvwe
ijk 0i j k 2

with each corner and edge. The ten basis polynomials
correspondto the ten knots u; j ¢ Uijk Vijk Wijk

'7%'7‘ i jk 0,i j k 2inparametespace.

4. Initial Decomposition

The main objective driving the developmentof our method
isthehierarchicatepresentationf verylargescienti c data,
wherereal-timeandadaptve datavisualizationarecrucial.
Datasetsresultingfrom computationakimulationsaretyp-
ically de ned onagrid, andthe dependenvariablesareas-
sociatedwith either the vertices,also called nodesin the
nite elementliterature,or the elementsde ning the grid.
Either of thesetypesof datacanbe approximatedTriangu-
lating the convex hull of the original setof datasiteswith a
coarsetriangulationde nes an initial decompositiorof the
domain.The 3D caserequiresusto constructa tetrahedral-
izationof thecorvex hull. Wedecomposeuadrilateralsvith
two triangles(2D case)hexahedrawith ve tetrahedra3D
case).The elementswve useare geometricallylinear How-
ever, thereare quadraticpolynomialsde ned “over” them
thatapproximatehedependenteld variable(s).

5. BestApproximation

We assumehatthe eld to be approximatedver adomain
is known analytically Shouldthisnotbethecaseg.g.,in the
caseof scatteed data(whenoneis givena setof randomly
distributed points with associatedunction valueswithout
connectiity information),it is possibleto constructan an-
alytical representatioby performinga prior datainterpola-
tion or approximatiorstep,see’ 23. In thecasethata dataset
isde nedonagrid, therequiredanalyticalde nition is given
by a piecavise linear function for a simplicial (triangular
or tetrahedral)grid and a piecavise bilinear/trilinearfunc-
tion in the caseof quadrilateral/heahedralgrid cells. We
denotethe analyticalfunction to be approximatedver the
domainby F x (abbreiatedby F). Basedonaninitial sim-
plicial domaindecompositionywe computethe correspond-
ing bestpiecavise quadraticapproximatiorof F x by solv-
ing thenormalequationssee®. Thenormalequationsieter
mine the setof coefcients for the desiredquadraticspline
representation—&est approximationin the least squares
sense.

Cornerverticesof simplicial elementsmay be sharedby
ary numberof simplices,andwe denotethe basisfunction
associategvith acornervertex v; by f; x . An edgeof asim-
plicial elemenmmaybesharedy nomorethantwo simplices
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Figure2: Typesof basisfunctions:basisfunctionassociated
with corner (left) and edge (right).

Figure 3: Basisfunctionsassociatedvith the plateletof ver-
tex vi andtheedge neighbos of edge €;.

in the2D caseandby anarbitrarynumberof simplicesin the
3D caseWe denoteabasisfunctionassociateavith themid-

point of a simplex edgee;j by gj x . We referto the setof

simplicessharinga commoncornervertex asthe plateletof

this corner andwe call the setof simplicessharinga com-
mon edgeedg neighbos. Thus,a setof plateletsimplices
de nesthe region in spaceover which a basisfunction as-
sociatedwith the correspondingsornervertex is non-zero.
Edgeneighborsassociateavith aparticularedge de ne the
region in spaceover which a basisfunctionassociateavith

this edgeis non-zero.Figure 2 shawvs the two typesof ba-
sisfunctionsfor the bivariatecase Figure3 shavs the basis
functionsassociatedith theplateletof avertex andtheedge
neighborsof anedge.

We denotea bestapproximationasa x , and we write
it asa linear combinationof the basisfunctionsassociated
with all distinct simplex corners(“corner basisfunctions”
fi) andsimplex edgeq“edgebasisfunctions”g;). Assuming
thattherearem distinctcornersandn distinctedgeswe can
write a bestapproximatioras

&
ax a Gfix

n
a djgjx 3)
i1 i1
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We mustsolwve the normalequationgo obtainthe unknavn
coefcients ¢ andd;. In matrix form, the normalequations
are

f1 fa f1 fm f1 01 f1 on
fm f]_ fm fm fm O1 fm On
o fa Gfm oo g1 On
on f1 gn fm On 01 On On

C1 F fl

Cm F fm

dy Fa

dn F on

4)

where G H denotesthe inner productof the functions
G x andH x ,i.e.,

GH Gx Hx dx (5

CommonDomainof G and H

In our constructionyve mustcomputeinnerproductsover
thesimplices . Sinceall simplicialelementsn physicalspace
arede ned by linear mappingsof the standardsimplex, we
can simplify integration by making use of the change-of-
variablestheoem see?!, which relatesintegrationin phys-
ical spaceto integrationin parametespaceln the 2D case,
integralsarecomputedaccordingo theformula

G xy dxdy
Physical Simplex

(6)

G xuv yuv Juv dudv

Standard Simplex
whereJ u v denoteghe Jacobianassociateavith themap-
ping of thestandaragimplex to thecorrespondingimplex in
physicalspaceThe Jacobiaris the determinant

1 1
; Ixuv  Ixuv "
uv
Iyuv JIyuv
fu v

Thus, to effectively computeintegrals of functionsover
triangleswe only needto considerthelineartransformation

XUuv
uv
Y ®)
X10 Xo0 Xo1 Xoo u X0
Yio Yoo Yo1 Yoo \ Yo

This transformatiormapsthe standad triangle with ver
ticesug 00T,u; 107,andu, 017 intheuw
planeto the arbitrary simplex S with cornerverticesvg

X00 Yoo '.V1  X10 Y10 .andvz Xo1 Yoi ' inthexy
plane.(Both trianglesmust be orientedcounterclockwise).
For this linear mapping,the change-of-ariablestheorem

yields

1 1 v
Gxydxdy J G Xxuv yuv dudv
S vOoubo
©)
wherethe Jacobianl is givenby
J det X0 Yoo Xo1 Xoo (10)

Yio Yoo Yo1 Yoo

The 3D caseis a straightforvard extension;here,the Jaco-
bianis givenby

J
X100 X000 X010 Xo00 Xo01 Xoo0O
det yioo Yooo Yoio Yooo Yooi Yooo

2100 200 210 200 Zo01 o0
(11)

The matricesinvolvedin the best-approximatiostepare
sparsebecausall basisfunctionshave local support.Sev-
eral methodsexist for bandwidthreduction,ef cient factor
ization,andinversionof suchsparseanatricesseet 9 11 25 26,
We useanefcient sparsematrix representatioandsystem
solverto computethe coefcients in lineartime.

The computationof the inner products appearingin
thenormalequationgequiresmulti-dimensionalntegration
oversimplicial elementsWhile thechange-of-ariablesthe-
orem reducesthis integrationto integration over the stan-
dardsimplex, we still needto performrelatively expensve
numericalintegrationfor the calculationof the inner prod-
ucts appearingon the right-handside of the normal equa-
tions,i.e.,theintegralsof thetypes F fj and F g; . Since
F x can,in general,be ary analyticallyde ned function,
numericalintegrationcanpotentiallybecomesxpensve. We
useRombeg integration for the computatiorof theseright-
hand-sideénnerproductsseel 16,

Oncewe have computedabestapproximatiorfor apartic-
ular simplicial domaindecompositionye analyzethe local
approximationquality to identify simplicesthat shouldbe
re ned (bisected}o furtherimprove approximationquality.
In thefollowing sectionwe discusshe principlewe usefor
adaptve bisection.

6. Adaptive Bisection

For eachsimplicialelement§ in aparticulardomaindecom-
position,we computea local approximatiorerrore;. We de-
ne thiserroras

2
g Fx ax dx (12)

¢ TheEurographic#ssociation2002.



Wiley / BestQuadiatic SplineApproximation

NS |
&’

Figure 4: Bisectionof simplicesin bivariate and trivariate
casesDarker simplecis the oneselectedor bisection.

Selectingand bisectingsimplicesof maximalerror arethe
stepsusedto re ne themesh.n generalye chooseacertain
percentagef the simplicesto bere ned.

We re ne a simplicial elementby bisectingat the mid-
pointof its longestedge All simplicessharingthesplitedge
arebisectedo avoid “hangingnodes”and,thereforeto pre-
seneaconformingmeshThebisectionstepis shavn in Fig-
ure4. Bisectionstepdeadto new simplicial domaindecom-
positions,andwe mustcomputenew bestquadraticspline
approximationgor eachone.

We continueto bisecta certainpercentagef simplices
in the intermediateapproximationsuntil either the num-
ber of simplicesin a decompositionexceedssome user
speci ed maximalnumberor until anapproximationis ob-
tainedwhoseglobal erroris lessthana userspeci ed toler
ance.(We de ned the global error of an approximationas
thesumof all local simplex errors).

The nal resultof our methodis a setof independenbest
quadraticsplineapproximationshatcanbeusedfor the pur
poseof interactive and/oradaptve level-of-detailvisualiza-
tion.

7. Results

We have testedour methodfor severaltestdata.ln general,
we comparea piecavise quadraticapproximatiorto a piece-
wiselinearapproximationWe visualizequadraticsimplices
by tessellatinghemusingmary linearelements.

Figure 5 shavs a quadraticand linear spline approxi-
mation for comparison.The quadraticapproximationcan,
in theory approximatethis function exactly. (Numerical
oating-point erroris introducedin practice.For the shavn
example,this numerical oating-point erroris on the order
of 10 14). The linear approximationmust use a relatively
largenumberof elementdo representhis quadratidunction
with smallerror The globalerrorfor the quadraticsplineis
36x10 % andthe globalerrorfor thelinearapproximation
erroris 1 6x10 . The linear approximationvas computed
usingthe methoddescribedn 16.

A comparisorof a quadraticanda linear spline approx-
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Figure 5: Comparisonbetweenquadmtic spline approxi-
mation (left) and linear spline approximation (right). Un-
der eadh approximation, we show the correspondingdo-
main decompositionThe quadmtic approximation uses9
knotsand 2 simplices.The linear approximationuses111
knotsand 187 simplices.The functionbeing approximated

iSEFxy X yXxy i1,

imation is shawvn in Figure 6. The original image consists
of 15361024 pixels. The quadraticsplineapproximation—
consistingof 2989 quadraticsimplices—required.58 sec-
ondsof computatiortime while the linear approximation—
consistingof 11482linearsimplices—require&36seconds.

A samplehierarchyof 2D quadraticspline approxima-
tionsis shawvn in Figure 7. The original image consistsof
121x121 pixels.Globalerrorsfor the six approximationsare
329.11,106.22,45.53,12.85,3.08,and0.40. Computations
timesrangedfrom two to 200 seconddor the six approxi-
mations.

A samplehierarchyof 2D quadraticspline approxima-
tionsis shawvn in Figure 8. The original image consistsof
211x144 pixels. Global errorsfor the four approximations
are37.05,9.70,1.86,and0.45. Computationgimesranged
from six to 200seconddor the six approximations.

A comparisorof a quadraticanda linear spline approx-
imation of a 3D skull datasetis shavn in Figure 9. The
original dataset consistsof 278528datasites. We visual-
ize the quadraticspline approximationby tessellatingeach
guadraticsimplex with 512linearelementandthenextract-
ing an isosurficefrom the linear elementsThe sameiso-
surface for the linear spline approximationwas extracted
directly from the linear simplices.The quadraticspline ap-
proximationhasa global errorof 2 15x10 6 andthelinear
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Figure 6: Comparisonbetweenquadmtic approximation
(left) and linear approximation (right). Original image is
shownat the top. The quadiatic approximationuses6076
knots and 2989 simplices.The linear approximation uses
5816knotsand11482simplices.

Figure7: Hierarchical apptoximationsof digital image data
set.Original image is shownat the top. Six appoximations
are shown,8, 20, 38, 90, 225, and 633 simplices,respec-
tively.

Figure8: Hierarchical approximationsof digital image data
set.Original image is shownat thetop. Four approximations
are shown,16,48,191,and 790simplicesyespectively

Figure 9: Comparisonbetweenquadmtic approximation
(left) and linear approximation (right). The quadmtic ap-
proximationuses7487knotsand5348simplicesThelinear
approximationusesl4667knotsand 78530simplices.

splineapproximationhasa global error of 1 65x10 2. The
guadraticspline approximationrequiredabout20 hoursof
computationtime while the linear approximationrequired
lessthanthree.

A samplehierarchyof 3D quadraticspline approxima-
tionsfor a 3D skull datasetis shavn in Figure 10. Global
errorsfor the six approximationsare 1 0x10 3, 4 7x10 4,
39x10 °,and2 1x10 °.

All of the approximationsvere computedon a 1.8GHz
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Figure 10: Hierarchical approximationsof skull data set.
Four appoximationsare shown62,125,741,and5348sim-
plices,respectively

Pentium IV graphics workstation with 512MB of main
memory

Linear 2D and 3D approximationsvere renderedat in-
teractive framerates.Quadratic2D approximationsequired
just a few secondgo renderper frame. Tessellationof 3D
guadraticapproximationgequiredseveral secondgor the
highestresolutionsOncetessellated;omputingandrender
ing acontourwasatinteractve framerates.

8. Conclusions

Quadraticsimplicial elementscan be usedto more com-
pactly approximatedatathanlinear simplicial elementsin
generalthe useof higherordersimplicesshouldbe consid-
eredasthey canproducebetterquality approximationsus-
ing asmallernumberof simplices.

Additional researchincorporatinggeometricallycurved
simplicescanfurtherimprove the quality of approximations
by allowing the simplicesto decomposenorecomplicated-
shapeddomains. A decompositionof a domain having
curved boundariesvould requirefewer curved simplicesto
representhe domainwell.

The generatedneshesareCO continuousit is also pos-
sibleto produceC1 approximationsWe planto investigate
this enhancemerin thefuture.

Higherordersimplicesaregrowing in importancen visu-
alizationasresearcherarealsousingthemmorefrequently
for domaindecompositiorin numericalsimulations.Thus,
visualizationof thesesimplicesis also importantbecause

¢ TheEurographicsssociation2002.

of their increasingpopularity Direct higherorder visual-
ization techniquessuch as contouringand volume visual-
izationtechniquesmustbe developedto take adwantageof
higherorder elements We are currently working on such
techniques.
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