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Abstract. We discuss spline re nement methods that approximate multi-v alued
data de ned over one, two, and three dimensions. The input to our method is a
coarse decomposition of the compact domain of the function to be approximated

consisting of intervals (univariate case), triangles (bivariate case), and tetrahedra
(triv ariate case). We rst describe a best linear spline approximation scheme, un-
derstood in a least squaressense,and re ne on initial meshusing repeated bisection
of simplices (intervals, triangles, or tetrahedra) of maximal error. We discussthree
enhancemerts that improve the performance and quality of our basic bisection ap-
proach. The enhancemerns we discussare: (i) using a nite elemert approach that

only considers original data sites during subdivision, (i) including “rst-deriv ative
information in the error functional and spline-coetcient computations, and (iii)

using quadratic (deformed, \curv ed") rather than linear simplices to better ap-
proximate bivariate and triv ariate data. We improve eciency of our re nement
algorithms by subdividing multiple simplices simultaneously and by using a sparse-
matrix represertation and system solver.

1 Intro duction

Di®erent methods are known and usedfor hierarchical represenation of very
large data sets. Unfortunately, only a small number of these methods are
basedon well developed mathematical theory. In the context of visualizing
very large data setsin two and three dimensions,it is imperative to develop
hierarchical data represenations that allow us to visualize and analyze data
at various levels of detail. General and excient algorithms are neededto
support the generation of hierarchical data represetations and their appli-
cability for visualization.

Our discussiondeals with the construction of hierarchies of triangula-
tions and spline approximations of functions. The main idea underlying the
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construction of our data hierarchy is repeated bisection of simplices (inter-
vals, triangles, or tetrahedra). Bisection is chosenfor its simplicity and the
possibility to extend it to multiple dimensionseasily We construct an ap-
proximation hierarchy by repeatedly subdividing triangulations, \simplicial

domain decomgpositions”, and computing a best spline approximations. Our
initial approximation is basedon a coarsetriangulation of the domain of in-
terest, typically de ned over the corvex hull of all given data points/sites
if the function to be approximated is known only at a "nite number of lo-
cations. We identify regions of large error and subdivide simplicesin these
regions. These stepsare required to perform our algorithm:

1. Initial appro ximation. De ne a coarseinitial triangulation of the do-
main of interest and compute the coetcients de ning the best spline
approximation for this mesh.

2. Error estimation. Analyze the error of this approximation by com-
puting appropriate local and global error estimatesrelative to the input
function.

3. Re'nemen t. Subdivide the simplex (or set of simplices)with the largest
local error estimate.

4. Computation of best appro ximation. Compute a new best linear
spline approximation basedon the new mesh.

5. Iteration. Repeat steps2, 3, and 4 until a certain approximation error
condition is met.

There are many hierarchical methods targeted at approximating large
data sets. For example, wavelet methods are described in [2], [13], and [29].
The work described in [29] has the advantage of supporting both lossless
and lossy compression.In general, wavelet methods work well for data lying
on uniform, rectilinear, and power-of-two grids and provide fast and highly
accurate compression.

Simpli cation methods using data elimination strategies are described
in [3], [4], [11], [12], [16], [20], and [21]. These methods are more general
than most wavelet methods since arbitrary input meshescan be corverted
to a form treatable by each method. Re nement methods similar to the ones
we discusshere are described in [14], [17], and [27]. Most data-dependen
re nement methods can also be adapted to arbitrary meshes.

The method described in [7] performs an iterativ e \thinning step" based
on radial basisfunctions on scattered points while maintaining a Delaunay
triangulation. The results of [7] support the notion that data-dependert tri-
angulations better approximate functions in high-gradient regions.

Comparisons of wavelet, decimation, simpli cation, and data-dependert
methods, including the meshesdiscussedin [13], [16], [20], and [27], are pro-
vided in [19]. This survey discusseshe many approacesto surfacesimpli -
cation and also examinesthe complexity of someof the most commonly used
methods.
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The methods we discusshere apply to univariate, bivariate, and triv ari-
ate data. The underlying principles of our approach becomeevidert in our
discussionof the univariate casein Sect. 2. By discussingthe univariate case
in detail, generalizationsto the bivariate and triv ariate casesare more easily
understood.

The hierarchies of approximations resulting from our methods can be
usedfor visualization. Commonvisualization methods { including contouring,
slicing, and volume visualization (i.e., ray-casting) { that can be applied to
our hierarchical approximations are described in [15],[22], [24], [25], and [28].

2 Best Linear Spline Appro ximation and the
Univ ariate Case

We begin the discussionwith best linear spline approximation in the uni-
variate case.Our method requires a few notations from linear algebra and
approximation theory, and we discussthesebrie®y. We usethe standard scalar
product H ; gi of two functions f (x) and g(x), de ned over the interval [a; b],

R
Higi = F)g()dx; 1)

and the standard L? norm to measurea function f (x),

A I=
Kk = it = Nig® -
= K ;fi = (x) “dx : (2)

a

It is well known from approximation theory, see,for example, [5], that the
best approximation f (x) of a given function F (x), when approximating it by
a linear combination

w?1
f(x)= Gifi(x) )
i=0
of independent functions fo(x);:::;fn; 1(x) (using f; as abbreviation for
fi(x)), is de ned by the normal equations
. . 32 3 2 )
Ho;fol i Hpy 15fol Co hF; ol
: : : £-9 : £. 4)
Fo;fnial iiihng 1 fn 2l Chj 1 HF; o ai

We canalsowrite this linear systemasM [Mi l¢clhi 1 = F i 1 This systemis
easily solved when dealing with a set of mutually orthogonal and normalized
basisfunctions, i.e., in the casewhen If;;f;i = %; (Kronecker delta). In this
case,only the diagonal ertries of M ["i 11 are non-zeroand the coexcients ¢;
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Fig. 1. Basis functions f;, function F to be approximated, and approximation
f(X) = Cofo+ C1f1

are given by ¢ = hF;f;i. For an arbitrary set of basis functions, one must
investigate a meansfor an excient solution of the linear systemde ne by 4.

Initially we approximate a given univariate function F by a single linear
spline segmem by computing M Mcll = FI We assume,without loss of
generality, that F is de ned over the interval [0; 1] and that the basisfunctions
are hat functions with the property fi(x;) = %; , seeFig. 1.

When using hat functions as basis functions, the only non-zeroelemeris
of M [Mi 11/ for a particular row i, are the elemerts hf;, 1;f;i, hf;;f;i, and
Hfi.1;f;i. Thesescalar products are given by

. 1
Wi 1;fii = é¢i1 1;
Hisfii = %(‘tii 1+ ¢;); and
Mg fii = ¢ (5)
i+l il — 6 ()
where¢; = X;+1 i Xi. Thus, M ["i 1 js the tridiagonal matrix
2 3
2C o (03
¢y 2(¢o+¢1) ¢
M[nil]: ¢, 2(¢1+¢2)¢2 : (6)
¢n12¢ni1

Sinceit is necessanyto re-computethe coezcients after ead re nement dueto
the global nature of the bestapproximation problem, one cantake advantage
of excient systemsolversto solve this systemin linear time, see,for example

[6].
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We want to compute a hierarchy of approximations of a function F by
re ning the initial approximation by adding more basis functions { or, in
other words, by inserting more knots. We insert knots repeatedly until we
have an approximation whose global error is smaller than some threshold.
The error of the Tst approximation is de'ned asE™ = kF j (cof g+ c1f1)k.
If this value is larger than a speci ed tolerance, we re ne by inserting a knot
at x = % The addition of this knot changesthe basisfunction sequenceand,
therefore, we must compute a new best linear spline approximation for the
new knot sepby solving M [lci?l = F 21; the error for this approximation is
ER = kFi Z,cfik Shouldthis newerror still betoo large, we re ne the
approximation further. We needto de ne a criterion that determineswhich
segmen to bisect. Local error estimatesover eath segmen can be computed
easily, sothis information can be usedto decidewhich interval to subdivide,
in this case,either [0; 3] or [3;1].

We can de ne a global error estimate for an approximation basedon the
knot sequenced = Xp < X1 < X2 < :i:< Xp;2 < Xp; 1 = 1. We de ne the
global error as

P,
EMiU=kF;  Dilofik (7)

In order to allow usto decidewhich segmenm to subdivide next, we de ne the
local error for an interval [X; Xj+1 ] as
1 °R 1=
ei[”' U= Xxi‘*l (Fi (cgf; + ci+1fi+1))2dx ;i =00 20 (8)

We compute local errors for ead of the segmems and then bisect the
segmen with the maximum local error estimate at ead iteration. If the
maximum local error is not unique, it is sutcient to chooseone segmen ran-
domly for subdivision. (Alternativ ely, one could subdivide all segmeits with
the samemaximum local error, thus leading to a unigue solution). To improve
exciency, it is reasonableto selectthe m segmems with the m largest local
error estimates for subdivision. Such an approac seemsto be more appro-
priate for very large data sets. An example of a hierarchical approximation
of a univariate function is shown in Fig. 2.

The scalar products hF;f;i and the error values EI"i 11 and ei[”i 1 are
computed by numerical integration. We use Romkberg integration to perform
these steps, see[1] and [17].

3 The Biv ariate Case

Given an initial bestlinear spline approximation basedon a small number of
triangles, we compute the global error estimate for the approximation and,
should this error be too large, bisect the longest edge of the triangle with
maximal local error and insert a new knot at the midpoint of the longest



6 David F. Wiley et al.

~S S~
~S S~

Fig. 2. Five approximations of F (x) = 10x X % x. j , X 2 [0; 1]. The original
function is shown in the upper-left corner. Number of knots for approximations: 4,
6, 8, 14, and 19

edgeof this triangle. If this edgeis sharedby another triangle, the neighboring
triangle is also split.

Re nement leadsto insertion of additional knots at ead iteration. Again,
we must re-compute spline coexcients after eat knot insertion step due to
the global nature of the best approximation problem.

Concerning the construction of an approximation hierarchy for function
F (x; y), we beginwith a coarseinitial triangulation of the domain. In the case
of scattered data, a tting step must be doneto produce a smooth function
for which the approximation hierarchy is constructed. Localized versions of
Hardy's multiquadric methad, see[18], or surface reconstruction techniques,
similar to the one described in [9], can be used to yield smooth functions
interpolating given discrete data. A minimal coarsetriangulation of the con-
vex hull of the scattered data sites suxces asan initial triangulation. Earlier
work concerningscattereddata interpolation and approximation is described
in [10] and [23].

The approximation f (X; y) is constructed from the givenfunction F (x;y),
the underlying triangulation, which is a set of verticesv; = [x;;yi]"; i =
0;:::;n, and hat basisfunctions f; = f;(x;y). The basisfunction f; { ass@i-
ated Wlth vertex v; { hasa value of oneat v; and varieslinearly to zerowhen
going from v; to all other verticesin the platelet of v;; f; is zero outside the
platelet of v;, seeFig. 3.

Univariate error estimatesare easily extendedto the bivariate case.For-
mally, the bivariate global error is the sameasin the univariate case(7), and
local errors for ead triangle T; are given by

Az , X , ! 1

. 2
§ = Fi k=1 Gufjx) dxdy
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Fig. 3. Platelets of v; and
vj and asscaiated basis func-
tions. (Triangles in front have
beenremoved for clarity)

j=0:nnri 1, ©)

where nt is the number of triangles in a meshand f; is the basisfunction
assiated with the k" vertex of the j™ triangle.

The bivariate caserequires integration over triangles. For this purpose,
we make useof the change-of-variablegheorem, which allows usto e®ectiely
integrate functions over a triangle with verticesvg = [Xo;Yo]", V1 = [X1;V1]",
and v, = [X2;y2]":

Change-of-v ariables theorem

Let R and R® beregionsin the planeandlet M:R" ! R bea C!-cortinuous,
one-to-onemapping such that M (R") = R. Then, for any bivariate integrable
function f, the equation

R R
g FOGy)dxdy = . f (X(u;v);y(u;v)) J dudv (10)
holds, where J is the Jacobian of M ,

COx(uv) @x(uv)”

J=det @ &

ayYuv) gy;v) (1)

Thus, to e®ectively compute integrals of functions over triangles we only
needto considerthe linear transformation
x(Uv)" _ Xii Xo Xz2i Xo© U’ . Xo

= 12
y(u;v) yii Yo Y2i Yo V Yo (12)

This transformation maps the standard triangle T° with vertices ug =
[0;0]",us = [1;0]", and u, = [0;1]" in the uv-planeto the arbitrary triangle
T with vertices vo = [Xo;Yo]", Vi = [X1;y1]", and v, = [Xo;y2]" in the
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xy-plane. (Both triangles must be oriented courterclockwise.) For this linear
mapping, the change-of-\ariables theorem yields
A Z, Zy;y
f(x;y)dxdy = J f (x(u; Vv);y(u;Vv)) dudy; (13)
T v=0 u=0

where the Jacobianis given by

X1i Xo X2i Xo .
Yii Yo Y2i Yo

J = det (14)

The only scalar products of basisfunction pairs one must considerin the
bivariate caseare Ng; Noi and MNo; N1i, where N;(u;;vj) = &; is a linear
spline basis function de ned over the standard triangle. (A scalar product
Hi;fji is only non-zeroif the platelets of the vertices v; and v; intersect.)
The values of thesetwo scalar products are

Zl Zliv

HNo: Nopi (i uj v)?dudv= % and

v=0 _u=0
Z 1 z 1j v
H\lo;Nli

1j uj VIududv= —: (15)
v=0 u=0 l I 24

Thus, the scalar product H;;f;i is given by
. P, R P,
Mistii=" Mgt o fifidxdy= &5 gty (16)

where n; is the number of platelet triangles assaiated with vertex v; and
Jj is the Jacobian asswiated with the j th platelet triangle. The scalar prod-
uct Hi;fyi of two basis functions, whose assaiated vertices vi and vi are
connectedby an edge,is given by

P oy i 1R P oy i
M= 5" 0 g fifdxdy= 2 5" 1 17)

where n; is the number of platelet triangles shared by vertices v; and vy
and J; is the Jacobian assaiated with the | platelet triangle. An example
of a hierarchy of bivariate best linear spline approximations is shown in Fig.
4.

4 The Trivariate Case

The triv ariate caseis a straightforward generalization of the bivariate case.
The only notable di®erencefrom the bivariate caseis the use of the change-
of-variables theorem. We consider the mapping of the standard tetrahedron
with vertices ug = [0;0;0]", uy = [1;0;0]", up, = [0;2;0]", and uz =
[0;0;1]" in uvw-spaceto the tetrahedron with vertices vo = [Xo;Yo;2zo]",
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fix)

y\/i XE y\/i i X?

1
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Fig. 4. Four approximations of F(x;y) = 10x Ix i 7 lx i % y2, x;y 2 [0;1]; the

origin is indicated by a pair of perpendicular line segmens; number of knots for
approximations: 4, 15, 58, and 267; corresponding global error estimates: 0.1789,
0.0250,0.0057,and 0.0011

V1= [X1;y1:21]", Vo = [X2;Y2;22]", and v = [X3;y3;23]" in xyz-space.The
resulting linear transformation is given by

2 3 2 32 3 2 3

X(u; v;w) X1i Xo X2i Xo X3i Xo u Xo
Ay(uiviw) =4y i Yo Y2i Yo Yai Yo24vO+4y5:  (18)

z(u; v;w) 210 Zo 220 Zo Z3i Zo w Zp

In this case,the change-of-ariables theorem implies that
Z
f (x;y;z)dxdydz =
T

Zl lewzliviw

J f (x(u;v;w); y(u; v;w); z(u; v; w)) dudvdw; (19)

w=0 v=0 u=0
where the Jacobianis given by
2 3
X1i Xo Xzi Xo Xzi Xp

J=detdyii Yo Y2i Yo Y3i Yo (20)

210 20 220 Z0 Z3i 2o

As in the bivariate case,we needto consider only the scalar products
of MNg; Noi and MNo; N1i, where Nj(u;;vj;wj) = %; is a linear spline ba-
sis function over the standard tetrahedron. The values of these two scalar
products are

Zl lewzliviw 1
HNo; Noi = (i uj vi w)?dudvdw = —
w=0 v=0 u=0 60
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and
Z1 Zliwzli Vi w 1
MNo; N1i = (i uj vi w)u dudvdw = m:(21)

w=0 v=0 u=0

Thus, the scalar product H;;f;i is given by
P,
Wi fii = & ,-n':(')l\]j ; (22)

where n; is the number of platelet tetrahedra assaiated with vertex v; and
J; is the Jacobian assaiated with the j™ platelet tetrahedron. The scalar
product H;fi of two basisfunctions, whoseassaiated vertices vi and vy
are connectedby an edge,is given by
. P

Wi fui = 55 J-néB' le ; (23)
where nj is the number of platelet tetrahedra shared by vertices v; and
vk and J; is the Jacobian asswiated with the j™ platelet tetrahedron. An

exampleof a hierarchy of triv ariate bestlinear spline approximations is showvn
in Fig. 5.

5 Finite Element Enhancemen t

Often, the function being approximated is known only at a "nite number
of locations. An enhancemen to the method we have discussedin previous
sectionsis to take advantage of nitely speci ed, \discrete" data to save space
when storing a hierarchy of approximations. A sequenceof knot insertions
could potentially referenceoriginal data sitesrather than explicitly specifying
the exact location of ead knot when performing edgebisection.

We incorporate the idea of utilizing only originally given data site into the
approximation method by modifying the initial input meshand the bisection
step. The verticesin the initial input meshmust be a subsetof the original
data sites. The corvex hull of the data sites su+ces for the construction
of an initial mesh. Regarding the subdivision steps, in the univariate case,
rather than selectingthe exact midpoint of an interval subdivision, we select
the original data site nearestto the midpoint (while respecting the interval
extents) asthe new knot. For bivariate and triv ariate subdivision, we select
the nearest original data site (inside the simplex selectedfor subdivision)
to the midpoint of the longest edge. If the nearestoriginal data site is not
unigue, we chooseone at random. A simplex is not subdivided if there are
no original data sites inside it. Care must by taken to ensurea valid mesh
sincethe \snapping" to original data sites can produce inside-out simplices,
seeFig. 6.
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Fig. 5. Three approximations of °ame data; original data shown in the upper-
left corner (208000 sites). Number of knots for approximations: 68, 514, and 5145;
corresponding global error estimates: 0.12, 0.07, and 0.03

C
Fe

B

Fig. 6. Inside-out triangles are produced when snapping bisection vertex E to orig-
inal data site F
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) Fig. 7. Demonstration of e®ect of
\ 4 over- and under-shoots. The lighter
\ polygon shows the original function;
\ ; the darker polygon shows the approx-
: imation

6 Incorp orating First-deriv ativ e Information

When approximating discortin uous data, we have noticed problemswith our
generatedapproximations, namely, \over-" and \under-shoots," seeFig. 7 for

an example.

To solwe this problem we include “rst-deriv ative information for spline con-
struction. In addition, we must then alsoinclude “rst-deriv ative information

in the error computations to help focus the re nement near discortin uous
regionsand regionswith high derivatives/gradients. No algorithmic changes
are made otherwise to the original bisection method. The re nement pro-

cessproceedsby starting with a coarseinitial triangulation and iterativ ely
re ning the simpliceswith maximal error.

6.1 The Univ ariate Case

To incorporate rst-deriv ative information into the computations, a few
changesmust be made. We re-de ne (1), the univariate scalar product i ; gi
of two functions f (x) and g(x), de ned over the interval [a;b], as

) R
H:gi =  wof (x)g(x) + wyf Ax)gx)dx; (24)

a

where the \w eights" wg and w; are non-negative and sum to one. This new
scalar product de nes a \ Solwlevlike" L, norm { denoted by k ksq, { for a
function f (x), which replaces(2):

3

kf Ksop = Hf ;172 = R;wo (fF (x)%+ wy (F)2dx (25)

This norm allows us to measurethe quality of an approximation f (x) of a
given function F (x) by consideringthe norm of D(x) = F(x) i f(x):

kDksop = hD; Dil™2: (26)

We use this new measureto compute interval-speci ¢ error estimates. The
univariate global error (7) becomes

E= RabWo(F(X) i FOO)%+ wi (FUX) i f9x)?dx; (27)
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where F is the function to be approximated on the interval [a;b] by function
f. We want to minimize E, which is equivalent to minimizing
E = ’ o (007 + wy (1 00)?
i a2‘Z(\:)vOF(><)f (x) + waF )f 9x)) dx
o wo(FOO)? + we (FUx)* (28)

a

which, in matrix notation, reducesto

Z b " s 5
1 0 2wy O f(x)
é[f () 00 wy fYx)

) F0] ) X
z b
%fTQf i fTldx: (29)

E

a

a

Substituting (3) into (29) yields
R 32 3
d(fo;fo) ¢e¢  q(fosfn; 1) Co g

1
E= Sloci it cnid] : :
qugnil;f%) ¢ q(fn; 1:fnj1)  Cnja
[(fo)
i [COCI:::Cnil]gR . b odx
I(fnil)
= %CTAci c'l; (30)

whereq(f;; f;) is quadratic and I(f;) is linear in f;, f;, and their derivatives.
The \energy" E is minimal for the set of coetcients ¢; resulting from the
Ritz equations i.e., the linear system

Ac=1; (31)

see[1]. The elemens a;; of the symmetric, positive de nite matrix A are
given by

z b z b
aj = wo  Fi()fj()dx+wy  FI00f Ax)dx ;
a a
bj=0::ni 1; (32)
and the elemerts |; of the column vector | are given by
Zy Zy
i=wy FE)fi(x)dx+w;  FOx)fx)dx ;
a a

i=0::;nj 1: (33)
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Integral valuesrequired to compute the matrix elemers a;; are

Z,, 1
(fo(x)?dx = Z¢o;
Xo 3
an 1
(Fa()*dx = Z€n 1
ZXnil
Xi+1 1
(fi) dx = Z(¢ia+¢i) ;=1
Xij 1 3
Xi+1 1
fi(X)fiv1 (X)dx = ét]:. pi=0ni 1
Xi
Termsinvolving the rst derivative are
le
(F9) 2 dx = =
Xo ¢
VANS 1
(f 9(x))*dx = :
Xnj 1 ¢ni 1
Xi+1 1 1
f»OX 2dx: +7,|:1’,
Xiil(.()) TREY
Xi+1 o 0 1 )
frO)f i ()dx = ¢ = 0::::nj 1:

Xi |

(34a)

(34b)

(34c¢)

(34d)

(35a)

(35b)

(35¢)

(35d)

Thus, the matrix A is atridiagonal matrix, givenasa \w eighted sum" of two

tridiagonal matrices, Ag and A ;:
1
A= E(WOAO + WiA1)

where the matrices Ay and A ; are given by

2
2C o C¢o
Co 2(Co+¢q1) €

Ao = . .
¢ni22(¢ni2+¢ni1)
q:nil
ZL 1
¢ ¢ o
ideore, a2
Co CoC, ¢
A1:6 . .
il Chni2+Cnin il
‘Bniz ¢ni2¢ni1 ¢ni1
i1 1
¢n;1 ¢ni1

(36)
3
; and (37a)
¢ nj 1
2¢ nij 1
(37b)

An example of a univariate approximation using rst-deriv ative informa-
tion is shown in Fig. 8. In this example, the function F(x) = sin(4¥x?) was
sampled at eight uniformly spacedlocations in the interval [0; 1], de ning a
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piecewiselinear spline F (x), for which the approximations were constructed.
It is apparert how the rst derivative a®ectsthe over- and under-shwts. As
more relative weight is assignedto the rst derivative, the approximation
becomesmuch better.

Fig. 8. Four approximations of F(x) = sin(4¥x?) using eight uniformly spaced
knots with varying weights (wo;ws) given by (1.0, 0.0), (0.99, 0.01), (0.98, 0.02),
and (0.97, 0.03) (from upper-left to lower-right corner); the lighter polygon shows
the original function (polygon); the darker polygon is the approximation

6.2 The Biv ariate Case

Using a generalization of (26), the error functional we want to minimize in
the bivariatg caseis

E= woo(Fay)i fx Y2+ wio (Fx(6Y) i fx(Xy))?

+ wor (Fy(6y) i fy(xy))?dxdy ; (38)

where Fy denotesthe partial derivative of F with respect to x, fx denotes
the partial derivative of f with respect to x, etc. We want to minimize E,
which corresponds, in matrix notation, to minimizing

2 32 3
Z 2Woo 0 0 f(xy)
E= E[f(X;Y)fx(X;y)fy(X;Y)]‘l 0 2wio O S4f,(xy)5
T 0 © %Wo;l fy(x;y)
2Wo;oF (X; Y)
i [FO6y) Fx(6y) Ty y)]4 2wyoF« (X y) 2 dxdy: (39)
2wo;1Fy (X;Y)
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Substituting (3) into (39) yields, formally, the same equation one obtains
in the univariate case.Regarding (31), the elemerts a;; of the symmetric,
positive de nite matrix A are given by
Z A
a; = woo Filxy)fj(xy)dxdy + wio  fix (5 y)Fjx (X y)dxdy ;
TZ T
+ wor  fiy (X y)fjy(X)dxdy ; i) = 0;:iong 1 (40)
T

where fix denotesthe partial derivative of basisfunction f; with respect to
X, etc. The elemerns |; of the column vector | are given by

Z
i = wo.o FOGYTi(y)dxdy + wi.o  Fx (X y)fix (X y)dxdy ;
TZ T
+ wor  Fy(Xy)fy(xy)dxdy; i=0;:::;ni 1: (42)
T
Integral valuesrequired to compute the matrix elemers a;; are
Z .
) 1 Xt
(fiGcy)“dxdy = -5 JJij; (42)
Ti j=0

wheren; is the number of platelet triangles, T;, ass@iated with vertex v; and
J; is the Jacobian, given by (14), ass@iated with the j™ platelet triangle.
Two basisfunctions f;(x; y) and f; (x; y) whoseassaiated verticesv; and v;
are connectedby an edgeimply the non-zerointegral value

Z nxi 1
fi T O y)dxdy = NS (43)
Tij -
i k=0
where Tj; is the set of triangles in common betweenthe platelets of v; and
vj. The linear polynomial interpolating the values one, zero, and zero at

the vertices [Xo;Yo]", [X1;y1]", and [x2;y-]", respectively, has the partial
derivatives

MCDER Jl det i )32 = y“J Y2 and (443)
1 xp 17 _ Xoi X
fylgy) =i det 0 = == (44b)

Integrals involving these partial derivativesare

Z rXij_ 1

1 1y
fi OCY))2dxdy = = —— det? i1 and 453
TI(.x( y)) y 2, i 1y (45a)
Z . .
rX|l 1 ) Xj;]_ 1> .

1
i : 2 = _
. (fiy (x;y))“ dxdy 2 ., i det a1 (45Db)



Hierarchical Spline Approximations 17

where [xj.0;Yj:0l", [Xj:1:¥:1]", and [xj.2;y;:2]7 are the counterclockwise-
ordered vertices of the n; platelet triangles assaiated with vertex v;, see
Fig. 9.

Fig. 9. Indexing scheme for platelet
vertices relative to v; in bivariate case
(neighboring triangles oriented coun-
terclockwise)

Other required valuesare

Z
fix (X Y)fjx (X; y)dxdy (46a)
Tij
n . . l . .
1 X' g 1 Vi 1 yeo®
= = e t ’ det ' d 46b
2, W Tl © 1ya (46b)
Z
] fiy (X Y)fjy (X y)dxdy (46c)
i
— : .
1 X! 1 Xk:1 1’ Xk:0 1’
- —- PR i 3 . 4
5 . 3 de Xio 1 det Xe1 1 (46d)

where n;; is the number of common platelet triangles and [Xk:0: Yk:0l,
Xk:1; Yk:1]", and [Xk.2;yk.2]" are the vertices of a common triangle of the

platelets of v; and v;, seeFig. 10.

Fig. 10. Indexing sdceme
for platelet vertices relative
to v; and v; in bivariate
case (neighboring triangles
oriented counterclo ckwise)
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An example of a bivariate approximation using rst-deriv ative informa-
tion is shawvn in Fig. 11. A chedkerboard function wasdigitized to a 100£ 100
grid to which a linear spline was 't. The approximations were computed
for this spline using the “rst-deriv ative information and the "nite-element
approach described in Sect. 5. It is obvious in this example that the “rst
derivative a®ectsthe over- and under-shots signi cantly. As more weight
is added to the rst-deriv ative information, the better the approximation
becomes.

Fig. 11. Four approximations of .bivariatg Iched<er@oard functiongwith varying
weights (Wo,0; Wi0;Woi1): (1;0;0), 2;%;2, 2,42 ,and %;32;2 , from upper-
left to lower-right corner; number of knots varies between 5000 and 6000

6.3 The Triv ariate Case

The error functional we minimize in the triv ariate setting is given by

4 x M @ik 72
E5 L L, @aex Teovai Ty ddydz @7
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which, in matrix notation, correspondsto minimizing
Z
%[f (X y;2) Fx(Xy;2) fy(Xy;2) £2(%y;2)]
2" 32 3
2Wp00 O 0 0 f(x;y;2)
g 0 2wioo O 0 é fx(x;y;z)é
0 0 2wp10 O fy(x;y;2)
0 0 0  2wp.o1 fo(xy;2)

[f (6 y:2) Tx (X y:2) Ty (% y:2) 12X y; 2)]
2wo;0:0F (X; Y; 2)
2Wl;O;OFx (X; y; Z)
2wo;1;0Fy (X5 Y; 2)
2Wo.0:1F2(X; Y; 2)

E =

Z dxdydz: (48)

Substituting (3) into (48) yields, formally, the sameequationsone obtains for
the univariate and bivariate cases.Regarding (31), the elemeris a;; of the
symmetric, positive de nite matrix A are given by

z

a;; =  Wooo fi(Xy;2)fj(xy;z)dxdydz
ZT
+ wioo  fix (XY 2)fjx(X; y; Z)dxdydz
ZT
+ Woo  fiy (5 y;2)fjy (X y; z)dxdydz
ZT

i;j =000 1 (49)
The elemerts |; of the column vector | are given by
Z
li = Wo.0.0  F(X;y; 2)f; (X y; z)dxdydz
ZT
+ Wioo  Fx(Xy;2)fx(X;y; z)dxdydz
ZT
+ Woo  Fy(Xy;2)fjy (X y; z)dxdydz
ZT

i;j=0:0nf 1 (50)
Integral valuesrequired to compute the matrix elemerts a;; are
Z rXi 1

(fi(x;y:2))? dxdydz = 1 idij (51)
T 60
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where n; is the number of platelet tetrahedra, T;, assaiated with vertex v;
and J; is the Jacobian, given by (20), ass@iated with the j platelet tetra-
hedron. Two basis functions f;(x; y) and f; (x; y) whose assaiated vertices
v; and v; are connectedby an edgeimply the non-zerointegral value

Z nxi 1
fi(x;y; 2)f; (x;y; z)dxdydz = — ki ; (52)
Tij 120 k=0

where T;; is the set of tetrahedra in common between the platelets of v;
and v;. The linear polynomial interpolating the values one, zero, zero, and
zero at the vertices [Xo;Yo; 2o]", [X1;y1;21]", [X2;Y2;22]", and [xs;Ys; za]",
respectively, hasthe partialzderivativ%s

1 1 Y1 21
fx(xy;2) =i = det 1y, 2,5 ; (53a)
J 1lys z3
2 3
X1 12z
fy(x;y;z) =i = det4x, 1 2,9 ; and (53b)
2X3 1 z3
X1 y1 1
fa(x;y;2) =i = detdxy y, 19 (53c)
X3 Y3 1
Integrals involving these partial derivativesare 5 3
z , 1Xi g 1yjia za
(fu (i yi2) dxdydz = & oo det’4 1 yj» ;25  (54a)
T j=0 1 Yis Zis
Z 1%t q Xjin 1z
(fiy (x;y; 2))% dxdydz = 5 0 det?4xj., 1 .25 ; and (54b)
i =0 - 0 %13 1 Zj;33
z 1f)(i1 1 Xj;n Vi 1
(fz (i y;2) dxdydz= o = detP4xi ¥ 157 (540)
Ti jZO J JJ X]';3 yj;3 1

where the vertices [X;.1;¥j:1;Z:1]", [Xj:2;¥j:2:Z:2]", and [Xj.3;Yj:3;Z:3]" de-
note the boundary vertices of the facesof the platelet tetrahedra assaiated
with vertex [x;;Vyi;z]". Other required valuesare

z

fix (% Y; 2)fjx (X y; z)dxdydz

Tij

2 3 2
1n§(i 1 1 1yt Zk1 1yk;0 Zx;0
=5 90 det41 Yk:2 Zk;25 det41 Yk:3 Zk;35 ; (55a)
z o 1) 1yks zc;3 1yk2 ;2

fiy (% y; 2)fjy (x; y; z)dxdydz

Tij
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2 3 2 3
"Xt g Xk;1 1 Zy;1 Xk;0 1 Zk;0
=5 JJ—deet4xkzlzk25 det 4 X3 1z¢:35 ; and (55b)
7 k=0 Xk:3 1 Zx:3 Xk:2 lzk,2
fiz (X;y; 2)f;2(X; y; 2)dxdydz
Ti 2 3 2 3
"Xty Xk:1 ki1 1 Xk:0 Yk;0 1
=5 ”—kjdet4xk2yk215 det 4 Xy.3 yk:3 19 ; (55c)
k=0 Xk:3 Yk:3 1 Xk:2 Yk;2 1

wheren;; is the number of commonplatelet tetrahedra and [X;o; Y«;o; Zol',
X3 Yee1s Zeea]™ s [Xke2; Yie2s Ze:2] ™, and [Xk:3; Yk:3; Zk:3]" are the vertices of a
common tetrahedron of the platelets of v; and v;.

An example of a triv ariate approximation using rst-deriv ative informa-
tion is shawn in Fig. 12. A chedkerboard function (the triv ariate generalization
of the bivariate function) was digitized to a 100£ 100£ 100 grid to which
a linear spline was 't. The approximations were computed for this spline.
Again, the useof rst derivative a®ectsapproximation quality substartially .
Fig. 12 shows a °at-shaded slicethrough the approximations. As more weight
is addedto the rst derivative, the discortin uities (abrupt changesfrom zero
to one and vice versa) are captured much better.

Fig. 12. Four approximations of triv ariate chetikerboard fur;g:tl(?n with  v@rying
1 1.1.1.1

weights (Wo;go; Wi;0:0; Wosz,0; Woioi1): (1:0;0:0), 353557012 » 2351505 » and

1,2, 2,2 , from upper-left to lower-right corner; number of knots varies be-

tween 1400 and 3000



22 David F. Wiley et al.

7 Quadratic Simplices

As an alternativ e to using linear simplices, we shav how to use curved sim-
plicesto better approximate data. Most scierti ¢ data setscontain discorti-
nuities { such asa car body geometry or a pressure eld discortinuity { that
can often be represerted much better with curved elemens. Discontinuous
data sets can often be approximated better by dividing their domains into
seweral smaller domains with curved boundaries. A combination of geome-
try/b oundary and dependert "eld variable discortin uities can be treated in
an integrated fashion. The discussionin this sectiononly treats the bivariate
and triv ariate cases.

The algorithms that we have described in the previous sectionsstill apply:
we begin with a coarseinitial triangulation, which may now contain curved
simplices, and repeatedly re ne this mesh until a global error tolerance is
met.

7.1 Mapping the standard simplex

In the bivariate case we map the standard triangle, seeSect. 3, to a curved tri-
angular regionin physical spaceby mapping the six knots u; = [uj; ; Vi; I =
55 5 hj, 0;i+] - 2 (abbreviated in multi-index notation asjij = 2)
in parameter spaceto six corresponding vertices x; = [Xij ;Vij 17 in physical
space,using a quadratic mapping. The quadratic mapping, using Bernstein-
Bzier polynomials B2(u) as basisfunctions, see[8] and [26], is given by

-P 2 (- v) *
p iij=2 Gi Bij (Uv)

x(upv)t X
- dij BG (u;v)

y(u; V) biBf(u) =

x(u) = (56)

jij=2 =2
In the same manner, we de ne the mapping of the standard tetrahedron,
described in Sect. 4, to a curved tetrahedrgn in physical space,mapping ten
knots Ui = [Uij «; Vij & Wij k]7 = 5 %% ; Jij = 2 in parameter space,to
ten corresponding vertices Xi = [Xij «;Yij «: Zij x]' in physical space.The

quadratic mapping in the triv ariate caseis given by
2

x(u; v; w) X
4y(uviw)> = bBf(u)

z(u; v; w) jij=2

p iij=2 Gi;j ;kBi?j ;k(U;V;W) 3

p jij=2 Gij xBE y (U v;w) S (57)
&;j kB 4 (U v;w)

x(u)

jij=2

7.2 Initial Simplicial Decomp osition

The original grid, its boundaries, and possibly known locations of "eld dis-
cortinuities (in the dependert "eld variables) in°uence how we construct an
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initial simplicial decomposition. We considerdomain boundariesand known
discortin uities of interest to de ne a set of vertices and a set of edges(pos-
sibly curved) connecting these vertices. (We do not discussin this paper
how to obtain thesevertices or edges.)With this information, one can de ne
the unique “elds and sub-regionsin the overall domain that are bounded by
these edges.If the edgesspeci ed are linear spline curves, a quadratic curve
“tting step must take placeto approximate the linear segmets by quadratic
curves.Each of the sub-domains,boundedby curved edgescanthen betrian-
gulated to form aninitial mesh,seeFig. 13. Approximation is then performed
for eath sub-domainindependertly. It is possiblethat (quadratic) simplices
share knot/v ertex locations on "eld boundaries. In this case,since an ap-
proximation is computed independertly for ead sub-domain, there exist two
separatecoezxcients for the samelocation.

Fig. 13. Decomposition of do-
main around a wing us-
ing bivariate curved simplices.
There are two distinct “elds
de ned by the vertices and
edgesin this example: the "eld
left of the discontinuity and
the "eld right of the discon-
tin uity

Bisection of curved edgesof mesh simplices is performed in a manner
similar to the linear case:we bisect at the midpoint of the arc and insert a
knot at this location. The "nite-element approac basedon a Soholev-like
norm can be applied, as described in Sect. 5.

7.3 Best Appro ximation for Quadratic Simplices

We denote basis functions assaiated with simplex vertex v; by f;i(x). The
basis function corresponding to edgeg of a simplex is denoted by g; (x).
The best approximation is denoted by f (x), and we write it as a linear
combination of the basis functions assaiated with the simplex corners and
edges.Assuming that there are n distinct corner vertices and m distinct
edges,we can write the best approximation as
) 1 Xi 1
f(x)=  afi(x)+ dig (x): (58)
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In matrix form, the normal equationsare
Ho;foi cee H:O;fni 1i Ho;goi ¢ee HO;gmi 1i

32
Hnil;foi ¢¢¢Hni1;fnili Hnil;goi ¢¢¢Hnil;gmi1i Cnil
hgo;foi ¢ hgo;fn; 2i  hgo;Goi  CCC hgo; Om; 1l

r?mi 1;1:0i ¢q§]:rgmi 1;fni 1i mmi 1;goi ¢¢¢mm1 1;gmi 1i dmi 1
hF; fol
g 59
HF; Om; i
The Bernstein-B§zier quadratic basisfunctions are de ned as
2!
i i e
2!
@i iiji k!
in the bivariate and triv ariate cases,respectively. Again, we can use of the
change-of-ariables theorem and implement error estimates as described in

Sects.3 and 4 to compute a best approximation. The neededinner products,
de ned over the standard simplex in parameter space,are given by

631311
343221
136131
1800321423
123243
111336

B2(u) = (1i uj vy and (60a)

B2(u) = Qi uj vi w)iiidikylyiyk (60b)

rBi;,- ;Bk;|i = (61)

in the bivariate case,and

2 3
6313113111
3432212211
1361311311
3214232121
1232431221
1113361131
3212114223
1231212423

1112232243
1111113336

(62)
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in the triv ariate case.

8 Conclusions and Future Work

We have discusseda best linear spline approximation scheme and seeral
enhancemets to improve and generalize. To adapt our method to multi-
valued data, onecan, at ead iteration, approximate eac dependert variable
separately

In terms of computational exciency, large linear systemsare produced
whendealingwith vary large data sets.This is manageable sincethe resulting
systemsare sparseand can easily be treated with sparse-systensolvers.

Investigating the e®ectivenessof curved elemerts for approximating data
is a topic of our current researd. With the useof curved elemeris growing, we
believe that using curved elemerts in approximations, and supporting them
directly during rendering, will becomean important visualization researd
area.
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